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Gravitomagnetism is a phenomenon predicted by Einstein’s theory of
General Relativity, it consists in the interaction generated by a mass cur-
rent in a way formally similar to magnetism generated by an electric current.
A number of experiments have been proposed and carried out to accurately
measure the gravitomagnetic interaction. The LAGEOS satellites observa-
tions [1], using the GRACE models, have provided a measurement of the
gravitomagnetic field with accuracy of the order of 10 %, the binary pulsar
PSR 1913+16 has also provided an indirect astrophysical observation of this
field that might also be detected by refining the data analysis of the Grav-
ity Probe B space experiment [2]. Frame-dragging is a consequence of the
gravitomagnetic interaction.
Recently, a number of papers have discussed whether the gravitomag-
netic interaction has already been accurately measured by Lunar Laser
Ranging (LLR) of the Moon orbit or not. This is a recent chapter of a
long debated question about the meaning of frame-dragging and gravitomag-
netism [3, 4, 5, 6, 7, 8, 9]. A basic question posed in [7, 8, 9] is whether the
effect detected by Lunar Laser Ranging is a coordinate, or frame-dependent,
effect or not.
Here, we propose a distinction between gravitomagnetic effects generated
by the translational motion of a mass and those generated by the rotation
of a mass or by the motion of two masses (not test-particles) with respect
to each other. The geodetic precession, or de Sitter effect, is a translational
effect due to the motion of the Earth-Moon gyroscope in the static field of
the Sun, so it is the effect discussed in [7, 9]. The geodetic precession has
already been measured on the Moon orbit with accuracy of about 0.6 %.
The effect measured by LAGEOS and that might be measured by Gravity
probe B and LARES is due to the rotation of a mass, i.e., to the rotation of
Earth.
In order to distinguish between translational and rotational gravitomag-
netic effects we propose to use a spacetime invariant and we show here that
indeed what has been observed in [7, 9] is a translational gravitomagnetic
effect. We stress that one cannot derive rotational gravitomagnetic effects
from translational ones, unless making additional theoretical hypotheses
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such as the linear superposition of the gravitomagnetic effects.
The translational gravitomagnetic effect, measured by LLR, depends on
the frame of reference being used in the analysis and is somehow equiva-
lent to the geodetic precession, the second effect, measured by LAGEOS
and LAGEOS 2, is an intrinsic gravitomagnetic effect [4, 5] that cannot be
eliminated by means of any coordinate transformation.
In general relativity, in the frame in which a mass M is at rest, we only
have the nonzero components of the metric: g00 = −g
−1
rr = −
(
1− 2M
r
)
,
and gθθ = gφφ sin
2θ = r2, but we do not have the so-called “magnetic”
components g0i. However, if we consider an observer moving with velocity v
relative to the mass M , in his local frame we have “magnetic” components
g0i according to the formula g
′
0i = Λ
α
0′ Λ
β
i′ gαβ ∼
Mvi
r
. This “magnetic” com-
ponent g0i can simply be eliminated by a Lorentz transformation back to the
original frame, this effect has been observed by Lunar Laser Ranging since
the first measurements of the geodetic precession of the Moon orbit. How-
ever, an object with angular momentum J generates a gravitomagnetic field
intrinsic to the spacetime structure that therefore cannot be eliminated by a
coordinate transformation, this is the field producing the Lense-Thirring ef-
fect on the LAGEOS satellites. Indeed, in general relativity, given explicitly
a metric gαβ , with or without magnetic components g0i, in order to test for
intrinsic gravitomagnetism (i.e., not eliminable with a coordinate transfor-
mation) one should use the Riemann curvature tensor R and the spacetime
invariants built using it [4, 5]. In [5] the explicit expression of the Riemann
curvature invariant ∗R ·R is given, where ∗R is the dual of R. For example,
this invariant (really a pseudo-invariant for coordinate reflections), no mat-
ter about any coordinate transformation or any change of frame of reference,
is indeed different from zero in the case of the Kerr metric generated by the
angular momentum and the mass of a rotating body but is equal to zero,
as calculated in any frame and any coordinate system, in the case of the
Schwarzschild metric generated by the mass only of a non-rotating body.
In [5] it is shown that the gravitomagnetic effect on LAGEOS and LA-
GEOS 2, due to the Earth angular momentum, is intrinsic to the spacetime
curvature and cannot be eliminated by a simple change of frame of reference
since the spacetime curvature invariant ∗R ·R is different from zero. How-
ever, below here we show that the effect measured by Lunar Laser Ranging
is just a gravitomagnetic frame-dependent effect.
In [7] is shown that on the Moon orbit there is a gravitomagnetic ac-
celeration that changes the Earth Moon distance by about 5 meters with
monthly and semi-monthly periods. This variation of the Earth Moon dis-
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tance is, in the Moon’s equation of motion, due to the term: 4
∑
j 6=i ~vi ×
(~vj × ~gij), where, in the case of the Moon’s equation of motion, the in-
dices i and j indicate Earth and Sun and ~gij =
GMj
r3
ij
~rji is the standard
Newtonian acceleration vector. The post-Newtonian point mass metric
generated by Sun and Earth has the non-diagonal term g0i =
7
2
M⊕v
i
⊕
r⊕
+
1
2
M⊕x
i
⊕
(x⊕·v⊕)
r3
⊕
+ 72
M⊙v
i
⊙
r⊙
+ 12
M⊙x
i
⊙
(x⊙·v⊙)
r3
⊙
. In a frame of reference comov-
ing with the Sun we have the nondiagonal gravitomagnetic term of the
metric: g0i =
7
2
M⊕v
i
⊕
r⊕
+ 12
M⊕x
i
⊕
(x⊕·v⊕)
r3
⊕
, and by using the geodesic equa-
tion of motion we find in this frame the Moon gravitomagnetic acceleration
∼ ~vM × (~v⊕ × ~gM⊕), that is the term discussed in [7]. However, in a
geocentric frame of reference comoving with Earth, the nondiagonal grav-
itomagnetic term is g0i =
7
2
M⊙v
i
⊙
r⊙
+ 12
M⊙x
i
⊙
(x⊙·v⊙)
r3
⊙
and the corresponding
gravitomagnetic acceleration is: ∼ ~vM × (~v⊙×~gM⊙), that can be rewritten
as a part equivalent to the geodetic precession and another one too small to
be measured.
Therefore, the interpretation of the effect of Eq. (1) as a gravitomagnetic
effect in [7] is clearly dependent on the velocity of the frame of reference
where the calculations have been performed; for example one can start with
the post-Newtonian expression of the Schwarzschild metric generated by a
mass M⊕, then perform a Lorentz transformation with velocity v
i and have
in the new frame the nondiagonal gravitomagnetic term of the metric: g0i ∼
(M⊕vi)
r
. From this expression one can calculate the acceleration of the Moon
due to the mass M⊕ in this frame moving with velocity v
i with respect to
the massM⊕ and one then finds exactly the acceleration ∼ ~vM ×(~v×~gM⊕).
This gravitomagnetic acceleration is then a frame-dependent effect, indeed
when we go back to the original frame, where the mass M⊕ is at rest,
this acceleration is zero, unlike what happens in the case of the Lense-
Thirring-Kerr metric, where the Lense-Thirring effect by the Earth angular
momentum cannot be eliminated by a coordinate transformation.
This argument can be made rigorous by using the curvature invariant
∗
R ·R. This invariant is formally similar to the electromagnetism invariant
∗
F · F equal to E ·B. In the case of a point-mass metric generated by Earth
and Sun, this invariant is: ∼ G · H, where G is the standard Newtonian
electric-like field of Sun and Earth and H the magnetic-like field of Sun
and Earth; this magnetic-like field is ∼ v × G and then clearly, on the
ecliptic plane, the invariant ∗R ·R is null. Indeed, its precise expression, as
calculated in a frame comoving with the Sun, is: ∗R ·R ∼ M⊕M⊙
r4
M
r4
M⊕
zM (v
y
⊕x⊕−
3
vx⊕y⊕)(xˆM · xˆM⊕), where zM is the distance of the Moon orbit from the
ecliptic plane; this expression is then ∼= 0 on the ecliptic plane (even by
considering that the Moon orbit is slightly inclined of 5 degrees on the
ecliptic plane, its z component would only give a contribution to the change
of the radial distance of less than 1 % of the total change).
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